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Throughout this paper X denotes a Hausdorff locally convex space over 
the field 0 (which is either the real field R or the complex field C), and 
B denotes a family of seminorms on X which generates the topology on X. 
If A _C X, we denote by Co(A) the convex hull of A and by &(A) the closed 
convex hull of A. If f: X 3 X, for each nonnegative integer n, we shall 
denote by fn+r = f o f *, the composition of f and f la, where f” = I, the 
identity mapping on X. Also a subset A of X is said to be f-invariant iff 
f(A) C A. 
DEFINITIONS. A mapping f: X + X is said to be (i) non-expansive iff for 
each P E 8, p(f (4 - f 0)) ,< I+ - Y), f or all x, y E X; (ii) isometric iff for 
eachPE~,P(f(x)-f(y))=P(x-y),f or all x, y E X; (iii) periodic iff there 
is a positive integer N such that fN = I; (iv) pointwise periodic iff for each 
x E X, there is a positive integer n such that f"(x) = x; and (v) almost 
weakly periodic iff for each x E X, x E G(( f "(x): n 3 I>). 
It is clear that f is periodic implies f is pointwise periodic, and f is pointwise 
periodic implies f is almost weakly periodic. Also f is isometric implies f is 
nonexpansive which in turn implies f is continuous. Note that f is pointwise 
periodic implies f is onto. 
THEOREM 1. Let f be an almost weakly periodic nonexpansive mapping on 
X. Then f (0) = 0 23 there exists a nonempty bounded convex symmetric subset 
of X which is f-invariant. 
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Proof. If f(0) = 0, then A = (0) is a nonempty bounded convex sym- 
metric subset of X which is f-invariant. Conversely, let A be a nonempty 
bounded convex symmetric subset of X which is f-invariant. Denote by K 
the intersection of all nonempty convex symmetric subsets of A which are 
f-invarinat. Then K is also nonempty, bounded, convex, symmetric, and 
f-invarinat. We claim that K = {0}, and, hence, f (0) = 0. If not, let x,, E K 
such that x,, # 0. Then there exists a p ~9 such that p(xJ > 0. Define 
r = sup@(x): x E K), then Y > 0, sincep(x,,) > 0. Define 
Then K0 # @ since 0 E KO. Since Y > 0, there is an x1 E K such that 
p(q) > +r, so that 
PC% - (-x1)) = N-x1) - Xl) = Pew = 2PW > r> 
and, hence, both x1 and -x1 cannot be in K,, . This shows that K, e K. As K 
is convex and symmetric, it follows that K0 is also convex and symmetric. 
Now we shall show that K, is f-invariant. Let y E K,, . Then for any x E K, 
since x E Co{ f “(x): n 2 l}), given any E > 0, there exists an 
z E Co((fn(x): n 2 11) 
such that ~(x - z) < E. But then z = cc, ad f “i(x), for some positive 
numbers ai with Cy=r ai = 1 and positive integers ni, i = I,..., m. Since 
f”i-l(x) E K, for each i = l,... , m, we have p(y - f”i-l(x)) < Y, for all 
i = l,..., m. Hence, 
?(f (Y) - x) d lJ(f (Y) - 4 + P(Z - x) 
GP (f(Y) - g %f .i(x)) -t- 6 
i=l 
d f @(f(Y) - f n”(x)) + E 
f-1 
< f qQJ - f ““-l(x)> + e 
i=l 
< f air + E 
i=l 
=r+c. 
It follows that p( f(y) - x) < r oranyxEK.Thus,f(y)EKO,foryfzK,,, f 
and, therefore, K,, is f-invariant. It follows from the definition of K that 
KCK,, which is a contradiction. This completes the proof of the theorem. 
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The same proof gives the following theorem. 
THEOREM 2. Let f be an almost weakly periodic nonexpansive mapping on 
X. Then f (0) = 0 zjf th ere exists a bounded symmetric subset of X containing 0 
which is f-invariant. 
COROLLARY 1. If @ = R and f is an almost weakly periodic isometry 
from X onto X, then f is linear s# there exists a nonempty bounded convex 
symmetric subset of X which is f-invariant a# there exists a bounded symmetric 
subset of X containing 0 which is f-invariant. 
Proof. Apply Theorem 1, Theorem 2 and Corollary 1 on page 111 in [l]. 
In case B contains a single norm, we have the following. 
COROLLARY 2. If f is an almost weakly periodic nonexpansive mapping 
on X, then f (0) = 0 iff the unit ball of X is f-invariant. 
COROLLARY 3. If 0 = R and f is an almost weakly periodic isometry from 
X onto X, then f is linear sfl the unit ball of X is f-invariant. 
Finally we note that the real field in Corollaries 1 and 3 cannot be replaced 
by the complex field. For example, define f (a + ib) = a - ib, for all real 
numbers a and b. Then f is an isometry on C which maps the unit ball of 
C onto itself and f2 = I, while f is not linear. 
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